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The notion of tau function of an integrable system
can be considered as an extension of the notion of
theta function. Compared with theta functions,
the tau function carries a universal structure
which is common for all solutions of the integrable
system. Therefore, in particular, the tau function
is considered to know the common structure of
theta functions of Riemann surfaces.
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So it is quite natural to study theta functions by
way of tau function. The most successful example
of the study from this point of view is the solution
of the Novikov's conjecture by Shiota.

In this talk | will add another example. It is the
Riemann’s singularity theorem. This classical
theorem is a theorem describing the analytic
properties of the theta function in terms of the
geometry of a Riemann surface.

More precisely the aim of this talk is

Atsushi Nakayashiki (Tsuda College, Tokyo) An Application of the Theory of Tau Functior



The aim of the talk

(1) to determine the initial term of the expansion
of the Riemann’s theta function of an arbitrary
Riemann surface at any point on the theta divisor,

(2) to formulate and prove the refinement of the
Riemann’s singularity theorem,

(3) to propose a normalization factor of the sigma
function with characteristics so that the sigma
function becomes modular invariant.
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Let me begin by the review ofl the Riemann’s
singularity theorem.
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X: a compact Riemann suface of genus g,
{Oé,',ﬁ,'} — {dv,-} — Q= (fﬁj dV,') —

S 0(2,Q),  J(X)=C/(Z¢f +QZ).

Pso € X — 0: Riemann’s constant,
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Abel-Jacobi map

I: X — J(X),
I(p) = p’;dv.

We identify a degree zero divisor with its Abel-Jacobi
Image:

>.(pi —aqi) = >_(I(p:) — 1(qi))

| particular, for the Riemann divisor A

A_(g_l)poo:6
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For p1, ..., pn € X set

o L(p1+ -+ pn) := {a meromorphic function on X
whose pole divisor is bounded by p; + -+ + p, },

o d(p1+ -+ ps) :=dim L(py + -+ pn).
For a = (oy, ..., o) set

cor =00, lall=on ot ag
We call ||a|| the degree of 0°.
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Riemann’s vanishing theorem

6(z) =0
=

zZ=p1+ -+ pg_1 — A for some p; € X.
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Riemann’s singularity theorem

Suppose that e = p; + -+ + p;—1 — A and
r=d(p1+ -+ pg—1). Then the multiplicity of e is r:

(1) 0*6(e) = 0 for ||a|| < r.

(2) 0°6(e) # 0 for some 3 with ||5]| = r.
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In the study of the sigma functions, Onishi(’'05)
found one of such 3 explicitly to each zero of the
theta function in the case of hyperelliptic curves.

In this talk the Onishi's results are extended to the
case of an arbitrary Riemann surface.
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To clarify the situation, let me restart by the data:

(X, Poo, {i, Bi}): as before
e: B(e) = 0.
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Strategy of the arguments

(X, poo; {ai, Bi}, €)
U

Schur functions {s,(t)},>\ (combinatorics)

4

Tau functions 7(t)  (integrable systems)

4
6(z)
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Schur function

Define the polynomial p,(t), t = (t1, to, ...), by

exp(D o1 tak™) = > o Pa(t)K".

Example. pp =1, p1 = t;, pp = & + t{/2,
p3s = t3 + tity + 3/31.
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Schur function

The Schur function s)(t) corresponding to a partition
A = (A1, ..., \y) is defined by the Jacobi-Trudi formula:

s\(t) = det(py—i+j(t))1<ij-
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Sy (t) = ta + t3ty + %tg + %tztf I itf’
san(t) = —ta — 1 + 12t + 1¢f,
5(2,2)(t) = —t3t; + 3+ ﬁti

S (t) = ta — %t22 — %tztf + %tf

ser11)(t) = —ta+ tsty + 383 — S0ot] + 511, .
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We define weight and degree by
wtt; =1

WEA = A=A+ -+ A,
degt; = 1.
Then the Schur function sy(t) is homogeneous with the

weight |A]. It is inhomogeneous with respect to degree in
general.
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We will assign a partition to each geometric data
of Riemann surfaces.
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Schur function of a Riemann surface

We write the zero e of the theta function as
e=qr+- -+ qgg_1— A

Let L be the flat line bundle on X defined by
L=q+- - +g-1— (8- 1)px

= e+ 0.
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Gaps and non-gaps

A non-negative integer b is called a gap of L at p, if
there does not exist a meromorphic section of L which has
a pole only at p., of order b.

By Riemann-Roch we can easily prove that there are
exactly g gaps for any (L, p~)-

An element of the complement of gaps in the set of
non-negative integers is called a non-gap.
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Gaps sequences

We consider two kinds of gap sequences simultaneously.

1 =w; <--- < w,: the gap sequence at p,,
0=w <w; <---: the non-gaps at p,
0 < by <--- < by: the gap sequence of L at p,,

0 < by < by <---: the non-gaps of L at pn.
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Schur function of a Riemann surface

Define
A= (bg, b)—(g—-1,...,1,0)

and consider the Schur function corresponding to .

A special property of the Schur function sy(t) is given by
the following proposition.
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Schur function of a Riemann surface

sx(t) is a polynomial of the variables t,,...,ty,
corresponding to the gap sequence wy, ...w, of X
at Pso.
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In order to connect the Schur function s)(t) to the
theta function we need to change the variables. It
is described by a non-normalized period matrix.
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We further specify

z: a local coordinate at p.,

{duy.}: a basis of holomorphic 1-forms such that

duy, =z 11+ O(z))dz at pw.

Atsushi Nakayashiki (Tsuda College, Tokyo) An Application of the Theory of Tau Functior



The period matrices are introduced by

2w = (faj duW,.), 2wy = (fﬁj duW,.), Q= wl_lcug.
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We consider the function of the form

0((2w1) " tu +e),

where
u="(tu, ..., Un,)-

This enumeration of variables is for the sake of being
consistent with the theory of the tau function of the
KP-hierarchy.

The relation of the Schur function sy(t) with the theta
function is given by the following theorem.
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The first term of the exapansion with respect to weights

CO((2w1)'u + €) = s\(t)l4, =u, + higher weight terms.

Recall that s)(t) is a polynomial of t,,,...,t,, . So this
formula is consistent with the enumeration of the
variables u = *(uy,, ..., ty,) in the theta function.
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This type of expansion formula was previously known only
for (X, e, px) such that e = —§, p,, = some special point
and X being

e (n,s) curves (Buchstaber-Enolski-Leykin (1999), N (2010))
e telescopic curves (Ayano-N (2013))

e a certain space curve of genus two (Matsutani (2011))
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The theorem is proved by using the Sato's theory
of the KP-hierarchy.

This theory makes a one to one correspondence
between solutions of the KP-hierarchy and points
of a certain infinite dimensional Grassmanian
called the universal Grassman manifold (UGM).
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Strategy of the proof

7(t) = e29P(At + ) : a solution to KP
= U € UGM*

= C7(t) = sa(t) + 2_no, nusu(t)

= the expansion of theta.
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Example of the initial term -1-

X:any, ps: a non-Weierstrass point, e = —0¢
Then

L = O =the trivial line bundle,
(wi,...,wg) = (b1, ..., bg) = (1,2, ..., 8),
A= (bg,....b1) —(g—1,..,1)=(1,...,1).

$\(£) = (~1)Epy(—1) = (~1)E(—t; + titg 1 +---).
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Example of the initial term -2-

X:any, ps: a non-Weierstrass point, e =19

Then

L = Kx((—28 — 2)p)
(b1, ....,bs) =(0,1,....g —2,2g — 1),

A= (bg . bt) — (g —1,..,1) = (g).

s\(t) = pg(t) = tg + titg_1 + - -.

Atsushi Nakayashiki (Tsuda College, Tokyo) An Application of the Theory of Tau Functior



Note that the partitions (1, ...,1) is the conjugate of the
partition (g).

Actually this is a general structure and the following
duality theorem is valid.
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Duality

We have

CO((2w1) w4+ €) = sa(t)|ey, =, + -+
C'O((2w1) v —€) = su(t) ] =u, +

where 11 is the conjugate partition of \.
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A family of Schur functions

In the expansion of the tau function the Schur
functions s,(t) satisfying the condition p > A
appear.

So we study the common properties of those
Schur functions.
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a-sequence

Let us define
my=d(q+ -+ qgg1)<8g.
We define the "a-sequence” by
(a1, -5 amy)

— (b, by 1, s bgmpe1) — (Bl B ).
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Example of a-sequence

hyperelliptic curves, p,, = 00, g; = ps for any i:

g=3 my=2,

(

g = 4. mgy = 2, (al, 32) = (7,3),
(
(




Onishi’s results (hyperelliptic) : e = —6 case

g=2, myp=1, 03(0)#0,

g=3 myg=2 o05/(0)#0,
g=4, my=2, o3(0)#0,
g=>5 my=3, o095(0)F#O0,

g=6my=3, o01173(0)#0,
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Thus the "a-sequence” is a natural generalization
of Onishi's sequence.

Atsushi Nakayashiki (Tsuda College, Tokyo) An Application of the Theory of Tau Functior



Properties of the a-sequence

In general the a-sequence has the following properties.

Proposition

(1) (distinct) ay > - -+ > ap, > 0.
(2) (gaps) ai € {w;}.

(3) (weight) >_ aj = [A].
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Vansihing and non-vanishing theorem for Schur functions

I_et a,' - 8t,..

Theorem

Let w > A. Then
(1) 002 5,(0) =0 if iai £ |ul. (weight)
(2) 0;,---0;,5,(0) =0 if m< mg. (degree)

(3) Oy -+ By 51(0) # 0.

Atsushi Nakayashiki (Tsuda College, Tokyo) An Application of the Theory of Tau Functior



These properties of Schur functions are lifted to
the tau function of the KP hierarchy.
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Using the expansion of the tau function in terms of Schur
functions

7(t) = s\(t) + 2 n<py Enusu(t)-

and the vanishing-non-vanishing theorem for Schur
functions we can prove the following theorem for tau
functions.
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Vansihing and Non-vanishing theorem for tau functions

Theorem

(1) 07052 ---7(0) =0 if > ia; <|\. (weight)
(2) 0, ---0;, 7(0) =0 if m< mgy. (degree)
(3) 0, - -+ 0, 7(0) # 0.
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Riemann’s theta functions inherit those properties
from tau functions.
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Recall that our tau function has the expression in terms of
the theta function of the form

7(t) = Ce29M9((2w) Y(Bt) + e).

Here B = (bj) is the g x 0o matrix determined by the
expansion of duy,, and has the "triangular structure”:

. 0,j<W,'
bu_{lvj:Wi
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Using this triangular structure of B and the
previous properties of the tau function we can
prove the following theorem for theta functions.
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Vansihing and non-vanishing theorem for theta functions

Theorem

(1) 952 - - OuiB(e) =0 if Y wiey <|A|. (weight)
(2) Oy -+ 0y, 0(€) =0 if m < mg. (degree)
(3) Ou,, -+ - Dy, B(e) # 0.
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The properties (2) and (3) give the Riemann's singularity
theorem.

Moreover (3) gives one non-vanishing derivatives explicitly.
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It is natural to ask whether it is possible to determine all
the non-vanishing derivatives of degree mq at e.

This problem is not solved yet. Here | will comment

partial results.

Atsushi Nakayashiki (Tsuda College, Tokyo) An Application of the Theory of Tau Functior 51 / 66



Minimal degree term of Schur function

It is possible to determine the minimal degree term of the
Schur function sy(t) corresponding to the zero e of the
theta function.

Let L)(t) be the minimal degree term of s)(t):

sy(t) = L\(t) + higher degree terms.
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Formula for Ly((t)

Theorem

Let A = (A1, ..., \g) be the partition corresponding to e.
Then Ly(t) is given by the determinant of a
mgy X mg-matrix as

La(t) = det(tr—itj)1<i<mojrte—bi,.g—bg_my-
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Example of L)(t)-hyperelliptic curves-

In the case of a hyperelliptic curve of genus g and e = —9
A=(g,g—1,...,1). In this case my = [£5}] and

for g = 2k
L)(t) = det(tors1-2i+2j)1<i j<k
forg =2k +1

L)(t) = det(tors1-2i+2j)1<i j<ks1-
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Comparison with the minimal degree term of the sigma

function

These are precisely the minimal degree terms in the
expansion of the hyperelliptic sigma functions discovered
by Buchstaber, Enolski and Leykin in 1997.
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| checked that similar phenomena occur also for (3, 4),
(3,5) and (3,7) curves.
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Conjecture on the minimal degree term of the theta
function

Conjecture

Let )\ be the partition corresponding to a zero e of the
theta function. Then

CO((2w1)tu + e) = Ly(u) + higher degree terms
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Applications to sigma functions

As another application of the determination of the
initial term of the series expansion of the theta
function at an arbitrary point of the theta divisor,
it is possible to determine a normalization
constant of the sigma function with an arbitrary
characteristics such that it is modular invariant.
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The higher genus sigma function was introduced
by F. Klein for heperelliptic curves. The sigma
functions for more general plane algebraic curves
called (n,s) curves were introduced and studied by
Buchstaber, Enolski and Leykin. The extensions
to certain space curves are given by Matsutani
and Ayano. Recently Korotkin and Shramchenko
defined sigma functions with half integer
characteristics for any Riemann surfaces.
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We consider the sigma function dfined by
Korotkin-Shramchenko except the normalization
constant and that we consider arbitrary real
characteristics.
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We consider any zero e of 6(z) and write
e=Qua+ 0, a,f e RS,

Let A be the corresponding partition and
(wa, ..., wg) the gap sequence at p., as before.

We set u = "(Uy,, ..., Un,).

Then
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Expansion of the sigma function with arbitrary
characteristics

If we define

JH(CRD

« 1
0| 4| @ = oot
5 2 aal...aamog[g](o)
then

a{g](u):isA(u)Jr---

and it is modular invariant.
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Another normalization constant is proposed by
Korotkin and Shramchenko (2012) for the sigma
function to be (conjecturally) modular invariant.
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We have studied the properties of the Schur functions. By
combining them with the properties of the tau functions of
the KP-hierarchy we have, for arbitrary Riemann surfaces,

(1) the initilal term of the series expansion of the theta
function with respect to weight at any point on the theta
divisor,

(2) a refined version of the Riemann'’s singularity theorem,

(3) a proper normalization constantnt of the sigma
function with arbitrary characteristics.
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