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Trigonal curve and its integrable systems

w3 − w I2N(z)− I3N(z) = 0

⇑
det
(
L̂(z)− w

)
= 0

L̂∈
[
su(3)× P(z , z−1)

]∗
, L̂(z) = L̂(N)zN + · · ·+ L̂(1)z + L̂(0)

coupled 3-component nonlinear

Schr�odinger equation

{Lij(u), Lkl(v)} =

i Lil (u)−Lil (v)
u−v δkj − i

Lkj (u)−Lkj (v)
u−v δil

Isotropic SU(3) Landau-Lifshits

equation
{Lij(u), Lkl(v)} =

i v
NLil (u)−uNLil (v)

u−v δkj−

i
vNLkj (u)−uNLkj (v)

u−v δil

Fordy A.P., Kulish P.P, Commun Math Phys, 89 (1983), 427�443.
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Integrable system of SU(3) LL equation

L̂(z) =
8∑

a=1

µa(z)X̂a =

µ3(z) +
1√
3
µ8(z) µ1(z)− iµ2(z) µ4(z)− iµ5(z)

µ1(z) + iµ2(z) −µ3(z) +
1√
3
µ8(z) µ6(z)− iµ7(z)

µ4(z) + iµ5(z) µ6(z) + iµ7(z) − 2√
3
µ8(z)


{X̂a} is the Gell-Mann basis:

[X̂a, X̂b] = Cabc X̂c , X̂aX̂b + X̂bX̂a = −1
3δab I−

3
2dabc X̂c .

Integrals of motions

I2N(z) = 1
2 Tr L̂

2(z) =
∑2N

ν=0 hνz
ν , I3N(z) = 1

3 Tr L̂
3(z) =

∑3N
ν=0 fνz

ν

Equations of the orbit O
h0, h1, . . . , hN−1,

f0, f1, . . . fN−1

annihilate the Lie-Poisson bracket

Hamiltonians

hN , hN+1, . . . , h2N−1,

fN , fN+1, . . . f3N−1

give rise to nontrivial �ows
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Coadjoint orbits as phase spaces

Coadjoint orbits of SU(3) group

SU(3) generic orbit OSU(3)
gen = SU(3)

U(1)×U(1) , dimOSU(3)
gen = 6,

SU(3) degenerate orbit OSU(3)
deg = SU(3)

SU(2)×U(1) , dimOSU(3)
deg = 4.

generic orbit Ogen degenerate orbit Odeg

dim 6N 4N

orbit h0 = const, . . . , hN−1 = const,
(
1
3I2N(z)

)3
=
(
−1

2I3N(z)
)2

equations f0 = const, . . . , fN−1 = const

spectral

curve

w3−w I2N(z)−I3N(z) =
0

genus 3N − 2

[
w ∓ 2

(
1
3 I2N(z)

)1/2]×[
w ±

(
1
3 I2N(z)

)1/2]2
= 0

∼ SU(3) LL equation ∼ LL equation
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SU(3) Landau-Lifshits equation

Zero-curvature equation (hN+1)
∂µ

(0)
a

∂t
=
∂µ

(1)
a

∂x
(hN) ⇒

Generic orbit Ogen µa ≡ µ(0)
a

∂µa
∂t = 2

4h30−27f 20
Cabc

(
h20µb

∂2µc
∂x2
− 27

2 f0
(
µb

∂2ηc
∂x2

+ ηb
∂2µc
∂x2

)
+

+ 27
4 h0ηb

∂2ηc
∂x2

)
+

2h1h20−9f1f0
4h30−27f 20

∂µa
∂x + 9

2
2f1h0−3h1f0
4h30−27f 20

∂ηa
∂x ,

ηa = dabcµbµc

ĤSU(3) LL = 1
4h30−27f 20

∫ ∑
a

(
h20
(∂µa
∂x

)2− 27f0
∂µa
∂x

∂ηa
∂x + 27

4 h0
(∂ηa
∂x

)2)
dx

Degenerate orbit Odeg

∂µa
∂t = 1

2h0
Cabcµb

∂2µc
∂x2

+ h1
2h0

∂µa
∂x , ĤLL = 1

4h0

∫ ∑
a

(∂µa
∂x

)2
dx

Bernatska J., Holod P. J Phys A: Math. Theor. 42 (2009) 075401
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Trigonal curve and its integrable systems
Integrable system of SU(3) LL equation
Quantum model of SU(3) magnet

SU(3) LL equation � classical SU(3) magnet

Quantum model of spin 1 lattice with bilinear-biquadratic Hamiltonian

Ĥ = −
∑

n,δ

{
J
(
Ŝn, Ŝn+δ

)
+ K

(
Ŝn, Ŝn+δ

)2}
Ŝn =

(
Ŝ

(n)
x , Ŝ

(n)
y , Ŝ

(n)
z

)
� spin operators Ŝx , Ŝy , Ŝz at site n.

Introduction of quadrupole operators

P̂xy = Ŝx Ŝy + Ŝy Ŝx , P̂xz = Ŝx Ŝz + Ŝz Ŝx , P̂yz = Ŝy Ŝz + Ŝz Ŝy ,

P̂xx = Ŝ2
x , P̂yy = Ŝ2

y , P̂zz = Ŝ2
z .

linearizes the system

Ĥ = −(J − 1
2 K )

∑
n,δ

(
Ŝn, Ŝn+δ

)
− 1

2 K
∑

n,δ

(
P̂n, P̂n+δ

)
,

P̂n =
(
P̂

(n)
xy , P̂

(n)
xz , P̂

(n)
yz , P̂

(n)
xx − P̂

(n)
yy ,
√
3
(
P̂

(n)
zz − 2

3 I
))

.
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Mean �eld approximation

Mean Field Hamiltonian

ĤMF = −(J − 1
2 K )z

∑
n

(
Ŝn, 〈Ŝn〉

)
− 1

2 Kz
∑
n

(
P̂n, 〈P̂n〉

)
Quasiaverages under the broken symmetry with an external magnetic �eld

µx = 〈Ŝ (n)
x 〉, µy = 〈Ŝ (n)

y 〉, µz = 〈Ŝ (n)
z 〉, τxy = 〈P̂(n)

xy 〉, τxz = 〈P̂(n)
xz 〉,

τyz = 〈P̂(n)
yz 〉, τxx = 〈P̂(n)

xx 〉 − 2

3
, τyy = 〈P̂(n)

yy 〉 − 2

3
, τzz = 〈P̂(n)

zz 〉 − 2

3
,

τxx + τyy + τzz = 0.

3-dim representation of the spin algebra:

Sx = 1√
2

(
0 0 1
0 0 1
1 1 0

)
, Sy = 1√

2

(
0 0 − i
0 0 i
i − i 0

)
, Sz =

(
1 0 0
0 −1 0
0 0 0

)
.

P̂a are tensor operators of weight 1.
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Isotropic SU(3) magnet: continuum limit

Isotropic SU(3) magnet (K = J)

ĤMF = 1
2 rJ

∑
n

∑
a

µaŜ
(n)
a ,

i ~
dŜ

(n)
a

dt
= [Ŝ

(n)
a , ĤMF] ⇒ ~

∂µa
∂t

= {Ĥe�, µa}

for Ŝ
(n)
a ∈ {Ŝ (n)

x , Ŝ
(n)
y , Ŝ

(n)
z , P̂

(n)
xy , P̂

(n)
xz , P̂

(n)
yz , P̂

(n)
xx − P̂

(n)
yy ,
√
3
(
P̂

(n)
zz − 2

3 I
)
}.

〈Ŝ (n)
a Ŝ

(n)
b 〉≈ 〈Ŝ

(n)
a 〉〈Ŝ (n)

b 〉 ⇒ ~∂µa∂t = J`V0 Cabcµb
∂2µc
∂x2

,

` is the lattice distance

V0 is an in�nitesimal volume
Ĥe� = J`

2

∫ ∑
a

(
∂µa
∂x

)2
dx

Continuum limit of the isotropic SU(3) magnet coincides with the

Landau�Lifshits equation (SU(3) LL equation on a degenerate orbit).
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SoV for SU(3) Landau�Lifshits equation

∂x L̂(z) = [∇hN , L̂(z)], ∂t L̂(z) = [∇hN+1, L̂(z)],

L̂(z) = zN

(
m + 1√

3
q 0 0

0 −m + 1√
3
q 0

0 0 − 2√
3
q

)
+

+
∑
ν

zν

µ
(ν)
3 + 1√

3
µ

(ν)
8 µ

(ν)
1 − iµ

(ν)
2 µ

(ν)
4 − iµ

(ν)
5

µ
(ν)
1 + iµ

(ν)
2 −µ(ν)

3 + 1√
3
µ

(ν)
8 µ

(ν)
6 − iµ

(ν)
7

µ
(ν)
4 + iµ

(ν)
5 µ

(ν)
6 + iµ

(ν)
7 − 2√

3
µ

(ν)
8

 .

dimOgen = 6N = 8N dynamic variables − 2N orbit equations

L̂(λ) =

L11(λ) L12(λ) L13(λ)

L21(λ) L22(λ) L23(λ)

L31(λ) L32(λ) L33(λ)

 eliminate from the
orbit equations
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Parametrization of the orbit

h0 = L
(0)
31

L
(0)
13

+ L
(0)
32

L
(0)
23

+ L
(0)
21

L
(0)
12

+ L
(0)
11

L
(0)
22

+ L
(0)
11

L
(0)
33

+ L
(0)
22

L
(0)
33

f0 = A
(0)
13

L
(0)
13

+ A
(0)
23

L
(0)
23

+ A
(0)
33

L
(0)
33

orbit equations

h1 = L
(1)
31

L
(0)
13

+ L
(1)
32

L
(0)
23

+ L
(0)
31

L
(1)
13

+ L
(0)
32

L
(1)
23

+ · · ·

f1 = A
(1)
13

L
(0)
13

+ A
(1)
23

L
(0)
23

+ A
(0)
13

L
(1)
13

+ A
(0)
23

L
(1)
23

+ A
(1)
33

L
(0)
33

+ A
(0)
33

L
(1)
33

. . . ⇓
L31(zk)wk + A13(zk) = 0 L32(zk)wk + A23(zk) = 0

A13(zk) ≡
∣∣∣L21(zk ) L22(zk )
L31(zk ) L32(zk )

∣∣∣ A23(zk) ≡ −
∣∣∣L11(zk ) L12(zk )
L31(zk ) L32(zk )

∣∣∣
⇓

B(zk) ≡ A13(zk)L32(zk)− A23(zk)L31(zk) = 0 consistent equation

A(zk) ≡ −A13(zk)

L31(zk)
= −A23(zk)

L32(zk)
= wk
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Separation of variables theorem

Suppose the orbit Ogen is parameterized by the coordinates

{L(ν)
11 , L

(ν)
12 , L

(ν)
21 , L

(ν)
22 , L

(ν)
31 , L

(ν)
32 , ν = 0, . . . , N − 1}.

Then separation of variables is realized by the spectral variables

{(zk ,wk) : k = 1, . . . , 3N} de�ned by

B(zk) = 0, wk = A(zk),

B(z) =
[
L11(z)− L22(z)

]
L31(z)L32(z)− L12(z)L231(z) + L21(z)L232(z),

A(zk) = L11(zk)− L12(zk)L31(zk)

L32(zk)
= L22(zk)− L21(zk)L32(zk)

L31(zk)
.

the same in
Sklyanin E.K Commun. Math. Phys., 150 (1992) 181�191.
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Spectral parametrization of the orbits

{(wk , zk)} are quasi-canonically conjugate:

{zk , zl} = 0, {wk ,wl} = 0, {zk ,wl} = −zNk δkl ;

Liouville 1-form: Ω = −
∑
k

z−Nk wk dzk .

{Pk(zk , wk), k = 1, . . . , 3N} � points of the spectral curve

w3 − w I2N(z)− I3N(z) = 0, genus 3N − 2.

Phase space is the generalized Jacobian of its Riemann surface R

J̃ac(R) = Symm3N R×R× · · · × R︸ ︷︷ ︸
3N

.

Previato E. Hyperelliptic quasi-periodic and soliton solution of the nonlinear
Schrodinger equation, Duke Math. J., 52 (1985), 323�332.
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Spectral & dynamical variables

dimOgen = 6N ⇒ 3N points (zk ,wk) are required.

To obtain the polynomial B of degree 3N

R−1L̂(z)R = zN

 q√
3

m√
2

m√
2

m√
2
− q

2
√
3

√
3q
2

m√
2

√
3q
2

− q

2
√
3

+ · · · , R =

( 1√
2

1
2

1
2

− 1√
2

1
2

1
2

0 − 1√
2

1√
2

)
,

B(z) = −m(m2−3q2)

2
√
2

z3N + · · · = B3N
3N∏
k=1

(z − zk).

The equation for L
(ν)
31 , A

(ν)
13 , A

(ν+N)
13 , L

(ν)
32 , A

(ν)
23 , A

(ν+N)
23 , ν = 0, . . . , N − 1

L31(zk)wk + A13(zk) = 0 L32(zk)wk + A23(zk) = 0
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Equations for the spectral variables

From the stationary (hN) and the evolutionary (hN+1) �ows

dzk
dx

=

[
L

(0)
32 L31(zk)− L

(0)
31 L32(zk)

]
∂
∂wP(zk ,w)

B3Nzk
∏′

j(zk − zj)
,

dzk
dt

=

[(
L

(0)
32 + L

(1)
32 zk

)
L31(zk)−

(
L

(0)
31 + L

(1)
31 zk

)
L32(zk)

]
∂
∂wP(zk ,w)

B3Nz2k
∏′

j(zk − zj)

for (wk , zk) satisfying w2
k + L22(zk)wk + A33(zk) = 0.

At every point (wk , zk) the spectral curve is reduced to[
wk − L33(zk)

][
w2
k + L22(zk)wk + A33(zk)

]
= 0.
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Abelian di�erentials

Holomorphic di�erentials

φν =
zν−1 dz
∂
∂wP(w , z)

, ν = 1, 2, . . . , 2N − 1,

φν+2N =
wzν dz
∂
∂wP(w , z)

, ν = 1, 2, . . . , N − 1.

Abelian di�erentials of the third kind

Φz =
z2N−1 dz
∂
∂wP(w , z)

, Φw =
wzN−1 dz
∂
∂wP(w , z)

.

w3 = wI2N(z) + I3N(z), z 7→ τ = 1/z , w 7→ ζ = w/zN

τ → 0 : ζ3 = h2Nζ + f3N = 0 ⇒ ζ1, ζ2, ζ3

res∞k
Φz = − 1

3ζ2k−h2N
, res∞k

Φw = − ζk
3ζ2k−h2N

.
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Extended canonical di�erential basis

For canonical homology basis {a1, . . . , a3N−2, b1, . . . , b3N−2} on J̃ac(R)

ω = A−1φ, A = (Aij), Aij =
∫
aj
φi , B = (Bij), Bij =

∫
bj
φi

Ωz = Φz −
∑3N−2

i=1 Aziωi , Azi =
∫
aj

Φz

Ωw = Φw −
∑3N−2

i=1 Awiωi , Awi =
∫
aj

Φw .

Ω21 =
3ζ21−h2N
ζ1−ζ3

(
Ωw − ζ3Ωz), res∞2 Ω21 = 1, res∞1 Ω21 = −1;

Ω31 =
3ζ21−h2N
ζ1−ζ2

(
Ωw − ζ2Ωz

)
, res∞3 Ω31 = 1, res∞1 Ω31 = −1.

Braden H. W., Fedorov Y. N., Journal of Geometry and Physics, 58 (2008),
1346�1354
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Generalized Jacobi inverse problem

ξ =
3N∑
k=1

∫ Pk

P0

φ

ξz =
3N∑
k=1

∫ Pk

P0

Φz

ξw =
3N∑
k=1

∫ Pk

P0

Φw

⇒

u =
3N∑
k=1

∫ Pk

P0

ω =
3N∑
k=1

A(Pk)

U21 =
3N∑
k=1

∫ Pk

P0

Ω21

U31 =
3N∑
k=1

∫ Pk

P0

Ω31

û = (u, U21, U31), ω̂ = (ω, Ω21, Ω31)

û =
3N∑
k=1

∫ Pk

P0

ω̂ =
3N∑
k=1

Â(Pk)
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Generalized Theta-function

Θ(û) = eU31−K3−∆3θ
(
u −K −A(∞1)−A(∞2)

)
+

+ eU21−K2−∆2θ
(
u −K −A(∞1)−A(∞3)

)
−

− θ
(
u −K −A(∞2)−A(∞3)

)
,

K � Riemann constants.

θ
(
u
)
≡ θ
(
u |B

)
=

∑
n∈Z3N−2

exp
{
2 iπu · n + iπn · Bn

}
,

∆2 =

∫ ∞3

P0

Ω21, K2 =
3N−2∑
i=1

∮
ai

(
ωi (P)

∫ P

P0

Ω21

)
+

∮
bi

Ω21,

∆3 =

∫ ∞2

P0

Ω31, K3 =
3N−2∑
i=1

∮
ai

(
ωi (P)

∫ P

P0

Ω31

)
+

∮
bi

Ω31.
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A simple example (N = 1)

The stationary �ow

d
dx z1 = − (z2−z3)

detW

[
3w2

1 − I2(z1)
]
,

d
dx z2 = − (z3−z1)

detW

[
3w2

2 − I2(z2)
]
,

d
dx z3 = − (z1−z2)

detW

[
3w2

3 − I2(z3)
]

detW =

∣∣∣∣w1 z1 1
w2 z2 1
w3 z3 1

∣∣∣∣ =

= w1(z2 − z3) + w2(z3 − z1)+

+ w3(z1 − z2).

Generalized Jacobi inverse problem

The map (z1, z2, z3) 7→ (ξ, ξz , ξw ) is nonsingular if detW 6= 0

ξ =
3∑

k=1

∫ zk

z0

dz

3w2 − I2(z)
, ξz =

3∑
k=1

∫ zk

z0

zdz

3w2 − I2(z)
,

ξw =
3∑

k=1

∫ zk

z0

w dz

3w2 − I2(z)
;

ξ = C , ξz = Cz ,
ξw = Cw − x .
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Spectral curve parametrization (N = 1)
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Conclusion and Discussion

We propose an e�ective way how to realize a scheme of

variable separating for algebra sl(3).
An orbit approach is essentially used in computations.

It becomes clear, that separation of variables after Sklyanin is

applicable to systems on generic orbits,

and requires an adaptation to degenerate orbits.

Dynamical systems of the kind (on generic orbits of the sl(3) loop

algebra) need two additional Abelian di�erentials for integration.
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