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Trigonal curve and its integrable systems

W3 — WIQN(Z) — I3N(Z) =0

1)
det ([(z) —w) =0
[elsu@) x P(z,z7 Y], L(z)=LWZ ... 4 [Wz 4 [©

coupled 3-component nonlinear Isotropic SU(3) Landau-Lifshits
Schrédinger equation equation
{Lij(u), Lu(v)} =
{Lij(u), Liu(v)} = (Y Ly(u)—u L,/(V)(S
- Ly(u v Lig(u)—L uy
Il( ) L'/(i) 6 41(]( ) kj( )51I i Nij( ) u LkJ(V)(S

Fordy A.P., Kulish P.P, Commun Math Phys, 89 (1983), 427-443.
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pa(2) + us(z)  pa(z) —ipa(z)  pa(z) —ips(z

8 )
Lz) =Y 1o)X = | m@ +im(2)  —us(2)+ Lus(z) po(2) —ipa(2)
a=1

pa(z) +ips(z)  pe(z) +ipr(2) — Z5he(2)
{X,} is the Gell-Mann basis:
[X37 Xb] ach Xa)%b + )% )% -1 5ab I _%dabc)%c-
Integrals of motions
Tn(2) = 3T P(2) = 2o hoz”, Tan(e) = §TrB(2) = 0%, f2”

Equations of the orbit O Hamiltonians

ho, b1, ..., hy-1, hn, hnyas oo a1,

fo, fiy o fvo1 Ny TNt - N1

annihilate the Lie-Poisson bracket give rise to nontrivial flows
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Coadjoint orbits as phase spaces

Coadjoint orbits of SU(3) group

SU(3) generic orbit 0231(3) = % dim Ogeun(s) -6,
SU(3) degenerate orbit Ojgg(?’) = % dim (’)j:g(?’) =4.
generic orbit Ogen degenerate orbit Ogeg
dim 6N 4N
orbit ho = const, ..., hy_1 = const, (%12/\,(2))3 = (—%13/\,(2))2
equations  fy = const, ..., fy_1 = const
spectral w3 —w on(z) —Tan(z) = (wF 2(%12,\/(2))1/2] X
curve 0 w+ (L Ton(z) /212 _ g
genus 3N — 2 [ (3 ) }
~ SU(3) LL equation ~ LL equation
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o _ oM
ot Ox

Zero-curvature equation (hni1) (hn) =

Generic orbit Ogen

Opa _ 2 2, 9u 9%n P
= Wcabc (hoﬂb 92 *f Hb gz T NMbga )+

27 2. 2hy h3—9fifo 8ua 9 2f1hg—3hy1fo O1a
2 o g ) + W327F2 Ox T2 am_21f2 Ox)

Na = dapcliblic

Y _ 1 2 (Opa)2 Opa Ona | 27 (Ona)2
Hsue 1 = g | 2o (MB(%2)*- 2705252 + Lho(%2)?) dx

Degenerate orbit Ogeg
)ix

Opa __ hy Opa » _ 1 Opa
ot 2h0 Cabc/‘b ax2 + 2ho Ox’ Hi = Zho fZa ( Ox

Bernatska J., Holod P. J Phys A: Math. Theor. 42 (2009) 075401
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q q q Trigonal curve and its integrable systems
DynamlcaFlirs‘%'ts:er;!poifnlts:trr::::nsol:(t3h)er:;sgtr;: Integrable system of SU(3) LL equation
g g Quantum model of SU(3) magnet

SU(3) LL equation — classical SU(3) magnet

Quantum model of spin 1 lattice with bilinear-biquadratic Hamiltonian

H=- Zn,d {J(gna SA.n—"-é) + K(gna S/\.n—‘,—<$)2}

S, = (§>(<"), §)(,n), §§")) — spin operators S, 5, S, at site n.

Introduction of quadrupole operators
Py =5S5,+5,5, P.=55+55, P.=55,+8.5,,
Pou=52, P,=52, P,=
linearizes the system
# (4~ % K) En,a (ém §n+5) - % Kzn,é (ﬁm I3,,+5),
PGP, AR, PR - B, V3P - 21)).
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Mean field approximation

Mean Field Hamiltonian

Quasiaverages under the broken symmetry with an external magnetic field
e = (8, = M) e = (87), = (FY). me = (PY),
Tyz = <P)(/g)>v Txx = <P>(o,<1)> - %7 Tyy = <P)(/;)> - %’ T2z = <P£g)> - %7

Txx + Tyy + Tzz = 0.
3-dim representation of the spin algebra:
L [0 01 L0 0 i 1 0 0
Sc=—-=(0 0 1), S5 =—=(0 0 i), S,=(0 -1 0].
V2 (1 1 0) V2 <i —i 0> : <0 0 0>

P, are tensor operators of weight 1.
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Isotropic SU(3) magnet: continuum limit

= {Hett, 112}

for 5 ) ¢ {an), 5(n) 5£n),P(n) P>(<g)7 P;(/g), P>(< ) Pﬁ;), \/§('D§g _%H)}'

(SIS~ (SIS o he = 0V Copepin e,
¢ is the lattice dist
is the lattice distance Tl = Jgfz <8ua>

Vo is an infinitesimal volume

Continuum limit of the isotropic SU(3) magnet coincides with the
Landau—Lifshits equation (SU(3) LL equation on a degenerate orbit). \
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SoV for SU(3) Landau—Lifshits equation
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oxl(z)=[Vhn,[(2)],  8:L(2) = [Vhnia, L(2)],

1
L(z)=2z 0 -m+Jzq 0 |+
2
0 -4

Y R S R R

+ ZZV w4 =)+ 2l ) - i
; ) i) #( RN CI
dim Ogen = 6N = 8N dynamic variables — 2NV orbit equations

Lll()\) L12(>\) L13()\) eliminate from the
L) = OEON ;) orbit equations
L31(N\)  Lsa(A)  Lss(N)
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Parametrization of the orbit

ho = L(O). + L(O) QL) + L) + PR + QL)

fo= A13 L13 + A23 ng + A33 L33 orbit equations

N | (0 N | (0 B B
e ) ) EES  )
HIN 8 | (0 B o (1 1), (0 0),(1
f = A:(13) L(13) + A(23) L(23) + A(13) + A§3) L(23) + Aga) Lg3) + Aga) Lg3)
i3
L3y (zx)wk + A13(z¢) =0 L3o(zk)wk + Azz(zx) =0
Loy(z¢) L22(z) — _ |Laa(z)  Li2(z)
A(2) = |51 Gaen|  A2@8) =[0G Gl
i3
B(zk) = A1z(zx)Lsa(zk) — Axz(zk)Ls1(zk) =0 consistent equation

As(ze) _ Ass(z) _
Alz) = - Lai(z)  Laa(zk)
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Separation of variables theorem
Suppose the orbit Oge, is parameterized by the coordinates
(1 19 Y=o, N=1).

Then separation of variables is realized by the spectral variables
{(zk, wk): k=1, ..., 3N} defined by

B(zx) =0, wy = A(zg),
B(z) = [L11(2) — L22(2)] L31(2) L32(2) — L12(2)131(2) + La1(2)L55(2),

A(zi) = Lu(zi) - L12(Z2)(Lz3kl)(zk) = Lop(zk) — L21(LZ3I(1)(LZ3;2)(Zk)

the same in
Sklyanin E.K Commun. Math. Phys., 150 (1992) 181-191.
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Spectral parametrization of the orbits

{(wk, zx)} are quasi-canonically conjugate:

{zk, 21} =0, {wi, wi} =0, {zk, Wi} = =z 6u;
Liouville 1-form: Q= — sz_NWk dzy.
k
{Pk(zk, wk), k=1, ..., 3N} — points of the spectral curve

w? — wn(z) — Tan(z) = 0, genus 3N — 2.

Phase space is the generalized Jacobian of its Riemann surface R

Jac(R) = Symmay R X R x -+ x R.
3N

Previato E. Hyperelliptic quasi-periodic and soliton solution of the nonlinear
Schrodinger equation, Duke Math. J., 52 (1985), 323-332.

Julia Bernatska SU(3) magnet and trigonal curve
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Spectral & dynamical variables

dim Ogen = 6N = 3N points (zx, wy) are required.

To obtain the polynomial B of degree 3N

9 _m _m_ 1 1
V3 V2 V2 V1 5
17 N m V3 1 1
R L(Z)R:Z V2 7% Tq +, R = Y 2
m V3¢  _ _q_ 0 _1
V2 2 23 V2

5 5 3N

m(m=—3 3N
B(z):_%z +o=Ban [[ (2 — ).
k=1

The equation for Lgi), Agg), A§Z+N), ng), Agg), A%JFN), r=0

L3y (zk)wi + A13(zx) =0 L3p(zx)wi + Azz(zx) =0

Julia Bernatska SU(3) magnet and trigonal curve

%‘.-m»-nm.-
N

N—-1



Separation of variables on generic orbit
Generalized Jacobi inverse problem
A simple example (N = 1)

Dynamical system of isotropic SU(3) magnet
Finite gap integration of the system

Equations for the spectral variables

From the stationary (hy) and the evolutionary (hyy1) flows

dz) [ng) L31(z) — Lg,(i) L32(Zk)] %P(zk, w)

K B3Nzk H_;‘(Zk — ZJ) ’
% _ [(ng) -+ Lglz)zk)L31(Zk) — (Lg(i) -+ L:(:,ll)zk) L32(Zk)] Q%P(Zk, W)
dt BsnzZ [1(z — 2)

for (wk, z«) satisfying w2 + Lop(zk)wi + Asz(zx) = 0.

At every point (wy, zx) the spectral curve is reduced to

[Wk — L33(Zk)] [W,% + L22(Zk)Wk + A33(Zk)] = 0.
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Abelian differentials

Holomorphic differentials

v—1 d
Gy = ———" v=1,2,...,2N -1,
WP(W7Z)
wz¥ dz
¢V+2N: P _17 27 aN_l
2 P(w,2) )
Abelian differentials of the third kind
2N—1 N—1
0, 2 te 0, o
awP(W z) BWP(W z)
wid = wlon(z) + Zsn(2), zeT1=1/2, w— (= W/zN
T=0: C=hn+hyv=0 = (,0 G
reseo, . = —m, reseo, Puw = _?(,fgikhz/v'
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Extended canonical differential basis

For canonical homology basis {a1, ..., agy_2, b1, ..., byy_2} on H:(R)

w=A"1¢, A=(Aj), Aj= faj ¢i, B=(Bj), Bj= fbj bi

Q, =, - Z?ﬁfz Aziwj, Az = faj o,
Sy = @y = 2?51—2 Ayiwi, Api = faj o,.

3¢2—h
921 = %(QW — <3QZ)7 resooZ le = 1, resool le = —1;

3¢2—h
Q31 = Ccll—ciN (Qw - Cng), reso; S31 = 1, reso, {231 = —1.

Braden H. W., Fedorov Y. N., Journal of Geometry and Physics, 58 (2008),
1346-1354
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n n n Separation of variables on generic orbit
DynamlcaFl_system o.f [ AL SL#(:,;‘) (ETACE Ge‘r)leralized Jacobi inverse g|;>rol:||em
inite gap integration of the system A sim -
ple example (N = 1)

Generalized Jacobi inverse problem

3N .p, 3N .p, 3N
5:2/ ¢ u:Z/ w=> A(Ps)
=1 Po k=1"Fo k=1
3N .p, 3N Py
fz_Z/ o, = Uzl_Z/ Q1
=1 Po k=1 Po
3N .p, 3N py
X[l weE [
k=1 Po k=1 Po
u= (u, U217 U31), w= (w7 Q217 Q31)
3N P, 3N R
,7:2/ o =Y AP
k=1 Po k=1
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Generalized Theta-function

o) = e™ 727820 (u — K — A(0or) — A(002))+
s eU21*K27A29(u — K — A(oo1) — A(Ooa))—
— 0(u — K — A(c02) — A(c03)),

K — Riemann constants.

9(u)E€(u|B): Z exp{2i7ru-n+i7m-Bn},
nez3N -2
3N-2

003 P
Ay =/ Q1, Ko = Z % <w,-(P)/ Q21) +j{ Qo1,
Po i=1 a; Po b;

002 3N-2 P
Az =/ Qa,  Ks= ) ?{ (wi(P)/ Q31) +j{ Q3.
Po I:]. a; Po b

i
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A simple example (N =1)

The stationary flow

|

| .
|

N

\

Il

S

ax 4l = 7(jzet ;[3;) [3W1 I2(Zl)]’ det W z i =

d, _ _(=21)[q,.2 s

dx 22 (det W) 3ws - Io(22)] =wi(z22 — z3) + wa(z3 — z1)+
d 21 -2 2

*B = " daw [3W3 _12(23)] + w3(z1 — 22).

Generalized Jacobi inverse problem
The map (z1, 22, z3) — (&, gz,gw) is nonsingular if det W # 0

- Z/z e n T Z/Z )

0 0

Z/ WdZ . §:C7 é-z:cz,
Z 3W2 Z) gw = CW_X

0
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Conclusion and Discussion

@ We propose an effective way how to realize a scheme of
variable separating for algebra s((3).
An orbit approach is essentially used in computations.

@ It becomes clear, that separation of variables after Sklyanin is
applicable to systems on generic orbits,
and requires an adaptation to degenerate orbits.

@ Dynamical systems of the kind (on generic orbits of the s[(3) loop
algebra) need two additional Abelian differentials for integration.
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